Plasma-based accelerators (PBAs) offer a path towards highly compact particle accelerators with GeV beams and short electron bunches that could drive a new generation of Free-Electron Lasers (FELs). However, a beam energy spread below current state-of-the-art is required for these applications. In this letter we investigate limitations on the energy spread and bunch duration in PBAs which arise from the betatron motion of beam electrons. We present an analytical model, validated against particle-in-cell simulations, which accurately describes this phenomenon and explains previously observed limitations. Guidelines for high-performance, plasma-based FELs are deduced.
Plasma-based accelerators (PBAs) offer a path towards highly compact particle accelerators with GeV beams and short electron bunches that could drive a new generation of Free-Electron Lasers (FELs). However, a beam energy spread below current state-of-the-art is required for these applications. In this letter we investigate limitations on the energy spread and bunch duration in PBAs which arise from the betatron motion of beam electrons. We present an analytical model, validated against particle-in-cell simulations, which accurately describes this phenomenon and explains previously observed limitations. Guidelines for high-performance, plasma-based FELs are deduced. In plasma-based accelerators (PBAs), an intense laser pulse [1] or high-energy charged particle beam [2] drives a plasma wake sustaining accelerating fields orders of magnitude higher than those achievable with conventional radiofrequency technology [3] , offering a path towards highly compact and cost-effective accelerators.
Having reached GeV energies in only centimeter scales [4] [5] [6] [7] , femtosecond-long electron bunches with kiloampere current [8, 9] and micron-level emittance [10, 11] , PBAs are approaching the regime of modern FreeElectron Lasers (FELs) [12] , which would strongly benefit from reduced size and cost. However, despite major advances, fulfilling the relative energy spread requirements ( 10 −3 ) [13] has remained an issue, with typical values ranging on the percent level. Of particular interest is also the production of sub-femtosecond bunches [14] [15] [16] [17] to generate short X-ray pulses for ultrafast science [18] .
Typical sources of the high energy spread in PBAs include a lack of control over the electron injection process [19] as well as the steep slope of the accelerating fields in the focusing region of the wake [20] , which induces a longitudinal energy correlation along the witness beam if not compensated by beam loading [21, 22] . Another known source is the emission of betatron radiation [23] [24] [25] , a type of synchrotron radiation originating in PBAs from the transverse electron oscillations, known as betatron motion, due to the strong focusing fields.
In this Letter we describe additional contributions to the energy spread and bunch duration in PBAs which arise from this betatron motion and should be taken into account for the design of a plasma-based FEL. We present a novel analytical theory, validated against Particle-InCell (PIC) simulations with OSIRIS [26] , which accurately accounts for these contributions in the assumption of relativistic electrons in a non-evolving wake. It is shown that previously observed limitations, such as a finite energy spread even when the initial bunch length approaches zero [27] , can be understood in this model. Guidelines to minimize these contributions for high-performance, plasma-based FELs are deduced.
Due to the betatron oscillations, electrons in the witness beam experience an increase in path length along the accelerator, which induces a longitudinal slippage ∆ξ = ξ −ξ 0 towards the back of the wake in the speed-oflight frame ξ = z − ct, where ξ 0 is the initial particle position, z the longitudinal coordinate, c the speed of light and t the time. The different oscillation amplitudes, and therefore slippage rates, within the bunch, added to the slope of the accelerating fields, will induce a correlation between oscillation amplitude and energy gain that will lead to an increase of the energy spread and bunch length. Although this has already been noted [28, 29] , no model exists to date for its impact on the beam parameters.
In order to study this phenomenon, a single-particle model of the evolution of beam electrons within the plasma wake has been developed, including the slippage and its impact on the energy. We start from the equations of motion of a relativistic electron,ṗ = −eW , where p = mγv is the particle momentum, v the velocity, m the electron mass and γ = 1/ 1 − (v/c) 2 the relativistic Lorentz factor, while e is the elementary charge and W = (E x − cB y , E y + cB x , E z ) the wakefield. E i and B i , for i = x, y, z, are the different components of the electric and magnetic fields. Analytical expressions of the wakefields can be found for the linear regime [30, 31] , and several models have been developed for non-linear wakes in the blowout regime [32, 33] . In what follows, the wakefield gradients around the particle, K x = ∂ x W x , K y = ∂ y W y and E z = ∂ z W z , will be assumed constant and ∂ i W j = 0 for i = j. This is specially wellsuited for the blowout regime, where the driver expels all plasma electrons and leaves behind an ion cavity with uniform focusing fields K x = K y = mω 2 p /2e and an approximately constant E z in the accelerating phase. The plasma frequency is defined as ω p = n p e 2 /m 0 , where 0 is the vacuum permittivity and n p the unperturbed plasma density. For linear wakes, although these gradients are not uniform, this model can be applied for re-gions sufficiently close to the propagation axis, where K x and K y can be regarded as constant, and if ∆ξ c/ω p , so that the longitudinal change in K x , K y and E z can be neglected.
Under these conditions, the equations of motion for a beam electron in a non-evolving wake propagating with the velocity of the driver, v w , can be written aṡ
where E = −eE z /mc, ω x (t) = K x /γ(t) is the betatron frequency and
, where γ (0) (t) = γ 0 +E 0 t is the energy evolution assuming constant acceleration, with γ 0 = γ(0), and
dt accounts for the contribution of slippage and dephasing with the wake [34] . If
1, then γ γ (0) can be assumed in order to solve Eq. (2), for which analytical solutions can be found if ω x (t) is a slowly varying function [35] 
where
2 is the initial oscillation amplitude in the x plane, with x 0 , v x,0 and ω x,0 being the initial transverse position, velocity and betatron frequency, while the initial phase is φ x,0 = − arctan (v x,0 /x 0 ω x,0 ) and the phase advance φ x = t 0 ω x (t ) dt is given by:
Analogous expressions can be found for the y plane. The solutions to the transverse electron motion can now be used to obtain the longitudinal slippage, ∆ξ
y )/2|v| and |v| − c c/2γ 2 for a relativistic electron. Since the time scale of the amplitude damping Γ −3/4 is much longer than the betatron period, the timeaverage of Eq. (4) can be used for the electron transverse velocity, resulting in the expression
y,0 and the focusing gradient is assumed to be the same in both planes, i.e K x = K y = K. The two terms in Eq. (6) account, respectively, for the slippage due to |v| < c and the slippage caused by betatron motion. Most of ∆ξ occurs initially and reaches a limit ∆ξ max as Γ → ∞:
Using Eq. (6) it is now possible to obtain the influence of slippage on the electron energy by calculating γ (1) , which finally leads to
where the third term is a correction due to slippage to the linear energy gain and the fourth one accounts for dephasing. The following terms are higher order corrections which account, respectively, for slippage due to |v| < c and slippage due to betatron motion. Eqs. (3), (4), (6) and (8) allow for a complete description of the single-particle evolution within the wakefields. In order to test their validity, they have been compared with numerical solutions of Eqs. (1) and (2) . Three test cases (C a , C b and C c ) are shown in Fig. 1 , corresponding to single electrons with different initial offset, respectively having x 0 = 1, 3, 5 µm and y 0 = v x,0 = v y,0 = 0. They are injected with γ 0 = 100 and propagate 5 cm within a plasma stage with n p = 10 17 cm −3 assuming a typical blowout with E = −ω 2 p /2c and E 0 = ω p . The wake velocity is determined from the group velocity of a laser driver
, where ω l = 2πc/λ l , assuming a wavelength λ l = 800 nm. The agreement between numerical and analytical solutions is excellent, showing how micron-level oscillations can lead to femtosecond slippage and energy differences on the percent range. This phenomenon will lead to a growth of the slice and correlated energy spreads, with the latter arising due to the increased bunch length. In order to obtain an expression for the induced slice energy spread, Eqs. (6) and (8) can be used to calculate the energy difference ∆γ between two beam particles, p 1 and p 2 , with the same γ 0 but different oscillation amplitude, A 0,p1 = 0 and A 0,p2 = 0, which at some time t are in the same infinitesimally long beam slice at ξ s due to slippage. If E and K are constant along the bunch, then E 0,pi = E 0,s − E ∆ξ pi for i = 1, 2, where E 0,s is measured at ξ s , allowing γ pi to be written in terms of the fields at the current slice. Additionally, if E ∆ξ pi /E 0,s 1, then E 0,pi E 0,s can be assumed for the higher order terms in γ pi while maintaining the full expression in the leading linear term. This also means that ∆ξ p2 − ∆ξ p1 A 2 0,p2 K(Γ −1/2 s − 1)/2cE 0,s , which, added to the previous considerations, yields
where Γ s = 1 + E 0,s t/γ 0 . The correlation ∆γ ∝ −A 2 0
(for E < 0) arises due to particles with higher A 0 experiencing less net energy gain, as they originally come from positions ahead of their current slice and, therefore, from lower accelerating fields. If the mean slice energy is assumed to evolve asγ s γ 0,s + E 0,s t, the induced relative slice energy spread due to slippage, σ ∆ξ γs /γ s , can be found from the standard deviation of ∆γ/γ s as
within the slice and E 0 is taken at the slice position. For a Gaussian beam σ A 2 8c 2 A 2 /Kγ 0,s , where
iγ 0 / n,i and σ i are, respectively, the beam's normalized emittance [36] , beta function and size in both transverse planes while β m = c/ω 0 , with ω 0 = ω x,0 = ω y,0 , is the matched beta function [37] . If n,i = n and β i = β m , then A = n .
Eq. (10) shows that the induced slice energy spread reaches a maximum whenΓ s = 9, decreasing afterwards withΓ −1/2 s . This behavior arises from σ ∆ξ γs , which initially grows faster thanγ s but gradually slows down due to the reduced slippage at higher energies. This source of energy spread will act in addition to that due to betatron radiation, which has also been shown to induce a correlation ∆γ ∝ −A 2 0 and generate a slice energy spread [25] 
3 )K 2 σ A 2γ 2 0,s /E 0 and r e = e 2 /4π 0 mc 2 is the classical electron radius. Comparing both expressions shows that the slippage-induced energy spread will initially dominate if the ratio R = C R /C ∆ξ 0.1, where C ∆ξ = E Kσ A 2 /2cE 2 0 is the coefficient in Eq. (10), transitioning into a radiation-dominated regime when Γ s R −1/2 . For FEL applications, where few-GeV beams are needed, slippage will typically dominate. The energy spread induced by these phenomena, as opposed to the correlated energy spread, cannot be compensated though schemes such as [38, 39] and is therefore a more fundamental contribution to the energy spread within a PBA. Still, the sign inversion of E in these schemes could also partially mitigate the correlation from Eq. (9), and beam decompression after the plasma stage [40] could be used to further minimize it. This correlation has also been proposed as a way of performing beam conditioning for FELs [41] by means of a magnetic chicane [42] .
The contribution of slippage to the bunch duration σ z can be directly obtained from the standard deviation of Eq. (6) . For an initially monoenergetic bunch with zero initial length, σ z,0 = 0, this can be estimated as
whereΓ =γ/γ 0 and the mean beam energy is assumed to evolve asγ γ 0 + E 0 t. As expected from Eq. (7), this expression tends to a finite limit σ max ∆ξ
Kσ A 2 /2cE 0 as Γ → ∞. Eq. (11) therefore establishes a limitation on the minimum bunch duration achievable in a PBA. In addition, if E = 0, this minimum length will induce a finite correlated energy spread, explaining previously observed limitations where convergence to a finite energy spread was found as σ z,0 → 0 [27] . This limit can be calculated for an initially monoenergetic beam with σ z,0 = 0 from the standard deviation of Eq. (8), obtaining
which also tends to a finite value asΓ → ∞. An illustrative example of these phenomena can be seen in Fig. 2 , where an externally injected witness beam is shown at entry and after 1 cm of plasma, as obtained from an OSIRIS 2D simulation. The induced lengthening as well as the development of the slice energy correlation as defined in Eq. (9) can be clearly observed. In order to validate these expressions and illustrate their significance, a series of 3D PIC simulations with OSIRIS have been performed. The studied cases consisted on a beam-driven plasma stage providing a 1 GeV net energy gain to an externally injected witness beam, as it would be interesting for FEL applications or multistaged acceleration. Different witness beam parameters and plasma densities have been tested. Similar results may apply for a laser driver as long as dephasing effects in the mean beam energy can be neglected.
A Gaussian driver with an energy of 1 GeV and a 0.1% spread has been considered. Its dimensions and charge have been defined in terms of the plasma density so that the generated blowout can be scaled with n p . For the baseline case in which n p = 7×10 17 cm −3 , as used in previous experiments [6] , this means σ x = σ y = 0.4 c/ω p 2.5 µm, σ z = c/ω p 6.4 µm, n = 0.4 σ x 1 µm rad and a peak electron density n b 3.78 n p for a total charge Q 265 pC and a peak current I p 5 kA.
A Gaussian witness beam is injected on-axis at ξ w ξ d − 4.5 c/ω p , where ξ d is the driver center. Different emittance values ( n = 0.1, 1 and 10 µm rad) as well as injection energies between 10 MeV and 1 GeV have been tested. The transverse size is matched to the focusing fields and two different sets of parameters for the bunch length and charge have been considered: σ z /c = 3 fs with 1 pC for the studies on the slice energy spread, as it could be obtained in the SINBAD facility at DESY [43, 44] , while σ z /c = 0.1 fs with 0.1 pC was used for the bunch lengthening studies in order to better highlight the impact of this phenomenon on sub-femtosecond bunches. The peak current in both cases is too low to significantly modify E along the bunch, therefore allowing beam loading effects to be neglected. The slice energy spread in all tested beams is dominated by slippage, as R 0.1 and Γ R −1/2 . Also, in order to isolate the plasma stage as the only source of energy spread, a zero longitudinal momentum spread at injection has been considered.
In order to compare the simulation results with the analytical theory, the field values in Eqs. (10) and (11) need to be provided. While these could be estimated from analytical models [33, 45] , they were measured directly at ξ w from a single simulation with no witness beam, obtaining E 0 0.53 ω p , E −0.37 ω Fig. 3 , show a strong dependence of the generated slice energy spread on the plasma density and initial beam parameters, reaching values in excess of 10 −2 for certain configurations, way above FEL requirements. Similarly, the increase in bunch length can be on the femtosecond level for typical beam parameters, showcasing the difficulty of achieving GeV-class, subfemtosecond bunches. No variation of the bunch length with the plasma density is observed since the coefficient Kσ A 2 /2cE 0 in Eq. (11) cancels the dependence on n p .
The analytical model shows excellent agreement with the simulations over several orders of magnitude, with expected discrepancies in some of the higher emittance cases. The differences in Fig. 3(b) arise from the large slippage experienced by particles with higher oscillation amplitude, which causes the transverse distribution of many beam slices to be a truncated Gaussian and thus leads to a smaller energy spread than predicted. The discrepancies in Figs. 3(c) and (d) arise from the longitudinal energy correlation, neglected by Eq. (11), which induces a slight longitudinal bunch compression due to velocity differences between head and tail.
These results, together with the analytical expressions, allow us to define general guidelines to minimize the slice energy spread and bunch lengthening for plasma-based FELs. From Eq. (10) it is clear that the slice energy spread growth could be suppressed through beam loading (E → 0) or the use of hollow plasma channels (K → 0) [47] . Otherwise, n p 10 17 cm −3 and n 1 µm rad become necessary. For externally injected beams, an initial energy 100 MeV is also recommended. The same considerations apply to the bunch lengthening, although beam loading will not provide any benefit as Eq. (11) is independent of E .
In conclusion, we have shown that particle slippage due to betatron motion can be a significant source of energy spread and bunch length that should be taken into account for the design of a plasma-based FEL. An analytical theory has been presented which accurately predicts these phenomena, showing excellent agreement with PIC simulations and allowing us to establish general guidelines towards high-performance plasma-based FELs.
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